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Abstract 

We introduce the concept of a graded bundle which is a natural generaUzation of the concept of a 
vector bundle and whose standard examples are higher tangent bundles T^Q playing a fundamental 
role in higher order Lagrangian formalisms. Graded bundles are graded manifolds in the sense that 
we can choose an atlas whose local coordinates are homogeneous functions of degrees 0,1, ... ,n. 
We prove that graded bundles have a convenient equivalent description as homogeneity structures, 
i.e. manifolds with a smooth action of the multiplicative monoid (R>o, ■) of non-negative reals. 
The main result states that each homogeneity structure admits an atlas whose local coordinates 
are homogeneous. Considering a natural compatibility condition of homogeneity structures we 
formulate, in turn, the concept of double {r-tuple, in general) graded bundle - a broad generalization 
of the concept of double (r-tuple) vector bundle. Double graded bundles are proven to be locally 
trivial in the sense that we can find local coordinates which are simultaneously homogeneous with 
respect to both homogeneity structures. 
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Key words: homogeneous functions, graded manifolds, fiber bundles, N-manifolds. 

1 Introduction 

Starting from the well-known observation that difFerentiable 1-homogeneous functions on are auto- 
matically linear, we provided in |2| an easy and effective characterization of these smooth actions of the 
monoid (M>o, •) of multiplicative non-negative reals on a manifold M which come from homotheties 
of vector bundle structures on Ad . We obtained the vector bundle structure by an identification of 
M with a vector subbundle of TM . All this, in turn, allowed us to describe several concepts of the 
theory of vector bundles purely in terms of the homogeneity structures on vector bundles, defined by 
the corresponding homotheties. 

For instance, a vector bundle morphism is just a smooth map which intertwines the homotheties, 
and a vector subbundle turns out to be just a submanifold which is invariant with respect to the 
homotheties. What is more, while it is not easy to explain a compatibility between additive structures, 
this question becomes nearly obvious in the language of homogeneity: two vector bundle structures on 
a manifold are compatible if the corresponding homotheties commute. This leads to an elegant and 
effective definition of double (or n-tuple) vector bundle. 

The language of homogeneity can be also easily adapted in the case of supergeometry, allowing us 
to associate with any n-tuple vector bundle E an N"-graded supermanifold, the 'superization' of E. 



'Research supported by the Polish Ministry of Science and Higher Education under the grant N N201 416839. 



This is a natural generalization of the well-known procedure E HE of reversing parity in the fibers 
of a vector bundle E. 

All this suggests that studying homogeneity structures which are more general than those induced 
by polynomial rings generated only by 0- and 1-homogeneous functions, like in the case of vector 
bundles, can be of great interest and can provide us with a useful tool for dealing with other interesting 
geometric categories of fibrations. 

We start this program in the present paper, where a graded bundle of degree n is defined as a 
fibration tt : A/ — A/q whose fibers are consistently identified with equipped with a structure of 
graded space of degree n. The latter assigns to canonical coordinates in R their degrees taking values 
in {1, . . . , n}. Consequently, a graded bundle AI of degree n possesses an atlas whose local coordinates 
have integer degrees between and n, compatible with the changes of local coordinates. Moreover, it 
admits a canonical homogeneity structure defined by the obvious action h : [0, oo) x Af — )■ M of the 
multiplicative semigroup (R>o, •) in which ht = h{t, •) maps the coordinate x of degree k into t'^x. In 
particular, ha is just the fibration projection. 

It makes sense to speak about global homogeneous functions on M and the corresponding polyno- 
mial algebra, but we must stress that a graded bundle is not just a manifold with consistently defined 
homogeneity of local coordinates. What we require additionally is equivalent to the fact that the 
natural weight vector field encoding the homogeneity is complete. One can see easily the difference, 
comparing R^ with the natural homogeneity structure, in which all linear functions have degree 1, 
with an open disc in R^ having the coordinates inherited from R^. It makes sense to speak about 
homogeneity of functions on the disc, but the disc is not a graded space in our sense, as it is not 
complete. 

Our fundamental examples of graded bundles of degree n are the nth tangent bundles T^Mq, i.e. 
the bundles Jq{M., Mo) of nth jets of curves in Mq. The higher tangent bundles have been extensively 
studied, mainly in relation to higher order Lagrangian formalisms [21 [5j [71 [3 [121 [H]- Also n- vector 
bundles, e.g. the double vector bundles TTMq or T*TMo ~ TT*Mq, are canonically graded bundles. 

In the present paper, we find, like in the case of the vector bundles a characterization of 
these homogeneity structures on a manifold M (i.e. those actions h of the multiplicative semigroup 
(R>o, •)) which come from the structure of a graded bundle of degree n. The necessary and sufficient 
condition for h tells us that the nth jets of the curves t ^ h{t,p) at vanish only for p g Mq. We call 
such actions homogeneity structures of degree n and our main result says, roughly speaking, that for 
homogeneity structures of degree n on a manifold M we can find an atlas whose local charts consist 
of homogeneous coordinates. We show that homogeneity structures can be equivalently characterized 
as manifolds equipped with a smooth action of the monoid (R>o, •)■ In other words, if h{l, •) = idjvf, 
the nondegeneracy of jets follows automatically. Note also that we can use only non-negative reals, as 
their action can be uniquely extended to an action of (R, •). 

One should remark that graded bundles have already appeared in the supergeometry, where A^- 
manifolds of degree n have been studied by Severa and Roytenberg |lll [5]. and applied in the theory 
of Courant algebroids and Dirac structures. N-manifolds are exactly supermanifolds with local co- 
ordinates of degrees between and n whose parity coincides with the coordinate degree parity. The 
equivalence with homogeneity structures has been claimed in this case as well; however, some problems 
in the supergeometric case are simpler, as odd coordinates are always 'linear' and 'complete'. We use 
the term 'graded bundle' rather than 'graded manifold' to distinguish our approach from those based 
on various different concepts of graded manifolds, usually associated with a supermanifold structure 
(see the discussion in |14|). 

Using a natural concept of compatibility of homogeneity structures, we derive also the concept 
of a double (or, more generally, r-tuple) homogeneity structure (or graded bundle) as consisting of a 
manifold F with two commuting homogeneity structures h^,h^, h\ oh^ = h^oh\. The main result in 
this direction says that double homogeneity structures are locally trivial in a natural sense: we can find 
local coordinates which are simultaneously homogeneous with respect to both homogeneity structures. 
Note also that double homogeneity structures, unlike double vector bundle structures, generate a new 
homogeneity structure h defined by ht — h\ o hi . 

There are, of course, natural questions concerning the concepts of duality for homogeneity structures 
and their applications in physics, investigated recently by Tulczyjew |13l in the context of the higher 
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tangent bundles (see also jHj), which we decided, however, to postpone to a separate paper. 



2 Graded spaces 

Let us start with simple observations which, however, will explain the motivation for more advanced 
concepts introduced further in the paper. 

The vector space M.^ with canonical coordinates y = {y^, . . . , y^) has naturally defined homotheties 
/it, i e M, related to the multiplication by reals in R^, 

htiy) = t.y = ity\...,ty^). 

As ht o hg — htg, the homotheties define an action of the multiplicative semigroup (M, •), and so its 
sub-semigroup (K.>o, •) of non-negative reals. Inside (K.>o, •) we have the one-parameter multiplicative 
group (M>o, •) of positive reals, canonically isomorphic, according to the map E 9 t i— >■ e' G IR>o, to 
the group of additive reals (K, so that /le*, t G M, is a one-parameter group of diffeomorphisms of 
with the generator called the Euler vector field 



t=i 



ht{y)^Y.y'dy., 



i.e., hf.t — exp (tA). Note that the Euler vector field uniquely determines ht for t > 0, as 

/iQ = lim exp (sA) . 

s— ^ — oo 

The presence of the semigroup action h : R>o x — > M^, h{t,y) — ht{y), allows us to define 
homogeneous functions of degree r on M^, that we write deg(/) — r, as functions / : R^ — > R 
satisfying 

foht = ff, for alH > . (1) 
In terms of the Euler vector field, dlj reads 

A(/)=r/. (2) 

It follows that the algebra C°°(R^) of smooth functions on R^ contains a distinguished graded subal- 
gebra 



N 



fc=0 

of polynomial functions, where ^fc(R^) is the space of homogeneous polynomials of degree k on R^. 
According to Euler's Homogeneous Function Theorem, homogeneous functions of degree 1 are linear, 
thus the whole structure of the vector space is actually encoded in h (or in A). In particular, any 
diffeomorphism Lp : R^ — R^ is linear if and only if it induces an isomorphism of the graded algebra 
^(R^) of polynomial functions, if and only if it intertwines the action /i, ipoht = htocp, and if and only 
if it respects the Euler vector field, (A) — A. Hence, the homogeneity of R^ can be equivalently 
described in terms of either ^(R^), or h, or A. The same can actually be done in the case of any 
finite-dimensional real vector space V replacing R^. 

Since we want to extend this model and, in the simplest situation, to allow coordinates in R^ to 
have various degrees of homogeneity, we propose the following. 

Definition 2.1. A standard homogeneity structure of degree n and rank d = {di,...,dn) on R^, 
where N — '^ii the action h : R>o x R^ R^ of the semigroup (R>o, ■) which in the canonical 

coordinates (?/*) of R^ reads 

h{y\...,y^)^{t^^y\...,t^-y^), (3) 

where ht — h{t, •) and Wi = j for di + . . . + rfj-i + l<i<di + ... + dj. In other words, di is the 
number of coordinates of degree i. The space R^ equipped with the standard homogeneity structure 
of rank d we shall denote with R'* and call the standard graded space of rank d. Of course, one can 
identify also by declaring the homogeneity degrees Wi of the coordinate ?/' for all 1 < i < iV. 
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Definition 2.2. A graded space of degree n and rank d ~ (di, . . . , (i„). where N = X^ILi*^*' ^ 
smooth manifold M equipped with a smooth action of (M>o, •) for which there exists a diffeomorphism 
if : M ^ onto equipped with the standard homogeneity structure of rank d, intertwining the 
actions of (]R>o, •). We call the maps ht the homotheties of the graded space M . 

A smooth function / on a homogeneity space (M, h) of degree n is called homogeneous of degree 
r, which we write as dcg(/) = r, if (ITJ is satisfied. Hence, the canonical coordinate on M**, as 
well as the smooth function o (p on AI, denoted with some abuse of notation also as y*, has the 
degree 1 < Wi < n. We shall call the (global) functions (y*) on M homogeneous coordinates and 
w = {wi, . . . ,wj\i) the weight vector. Equivalently, one can choose global coordinates {y^,...,y^) 
establishing a diffeomorphism onto M.^ and declare to be homogeneous of degree Wi. A morphism 
of graded spaces is a smooth map tp : Mi M2 that intertwines the actions of (IR.>o, ■)■ 

Like in the case of a vector space, we can define the polynomial algebra 

00 

where Ak{M) is the space of smooth homogeneous functions of degree k on M. 

Note that hi = idM, so the action ^ is actually a monoid action of (M>o, ■) and that the rank d 
(or the weight vector w) of a graded space is uniquely determined. Indeed, we have ht o hg = hts and 
Wiij'^ = (y* o ht). We can therefore associate with the graded space {M,h) the weight vector 

field Am on M, Am{p) = -^It-i ht{p), which in homogeneous coordinates reads 

N 

Am = ^ w,y''^y^ . 

i=l 

Since > 0, the weight vector field is complete and if 1 1— >■ exp (iAjv/) is the flow of diffeomorphisms it 
generates, then we have exp {IAm) = h^t for all t S R. Thus, the action by homotheties is completely 
determined by the weight vector field and vice versa. Moreover, the constants Wi are invariants of the 
orbit of the vector field Am under diffeomorphisms. This easily implies the following. 

Theorem 2.1. Let Ala be a graded space with homotheties [hf), a = 1,2, and tp : Afi M2 be a 
smooth map. The following are equivalent: 

(a) The map Tp is a morphism of graded spaces, i.e. ip o h] = h'^ o Tp for t > 0; 

(b) For each smooth homogeneous function f : AT2 R of degree r, the function f oip is homogeneous 

of degree r, i.e., i/'*(A(M2)) C Ar{Mi), r = 1,2,...; 

(c) The map tp relates the weight vector fields Ami and Ami, 4'*{Ami) C Ajv/a- 

In particular, two graded spaces are isomorphic if and only if they have the same rank. 

Remark 2.1. We must stress that requiring the global diffeomorphism with the standard graded space 
M.'^ is very important for having the action h properly defined; it is not enough to assume some degrees 
(weights) for some coordinates in M. Indeed, we can cut the open unit disc from with the same 
coordinates and degrees, but we do not get a graded space in this way, as the map ht is not defined in 
the disc for t > 1 (the weight vector field restricted to the disc is not complete). 

We have the following characterization of homogeneous functions on a graded space which shows 
that they belong to the polynomial algebra M.[y^, . . . considered as a graded algebra with the N- 
gradation induced by degrees of y^, . . . , y^. Note that, according to ([I]), a polynomial / G R[y^, ■ . . , y^] 
belonging to a component of gradation k d N, when considered as a function on a graded space, also 
has degree k. The following lemma can be viewed as a generalization of the Euler's Homogeneous 
Function Theorem. 



4 



Lemma 2.1. Let M be a graded space of dimension N with homogeneous coordinates (y*) and the 
weight vector w = Then, any smooth homogeneous function on M is a polynomial 

function in variables (j/*), / e , . . . , y^] . In particular, A{M) = R[y^ , . . . , j/^] is the polynomial 
ring in variables y^, - ■ ■ ,y^ , although equipped with the non-standard gradation implemented by fixing 
the degree Wi of y^ . 

Proof - We shall prove the lemma by induction with respect to fc - the degree of /. We can identify M 
with being a graded space of degree n with coordinates {xr,a), I < r < n, 1 < a < nr, J2r ~ 
where Xr,a is of degree r. 

Let us first notice that the only continuous 0-homogeneous functions are constants and there are no 
non-zero smooth fc-homogeneous functions for A: < 0. Let us assume that / is A;-homogeneous, A; > 0, 
i.e., f{h{t,p)) = • f{p) for alH > and p G R^, where 

h{t, Xf o^ hl{Xir' Q^ {t • (j) . 

Let us take s £ R^ , e = (0, . . . , 0, 1, . . . , 0), with Xr,a{£^) = 1. Difi'erentiating f{h{t, x) + h{t, se)) = 
t'^ f{x + ss) with respect to s at s = 0, we get 

e^ihit,x)) = t'^^ix). 

Therefore J^-^ is {k — r)-homogeneous, so, by the inductive assumption, is a polynomial. As all 
partial derivatives of / are polynomials in variables Xr,ai the same is true for /, that completes the 
proof. 

□ 

Corollary 2.1. Any automorphism of a graded space M is a diffeomorphism of M which is poly- 
nomial in homogeneous coordinates, i.e., in homogeneous coordinates (y*) with the weight vector 
w = {wi, . . . , wn) it takes the form 



.{w\k)=Wi 



where k = (fci, . . . , fcjv), al.GR and 



N 

{w\k) = Ywjkj 



Since the group GG(d, M) of all automorphisms of a graded space M (the general graded group) 
is parametrized by a finite number of coefiicients as above with clear smoothness of compositions, 
we get the following. 

Corollary 2.2. The group GG(d,M) of all automorphisms of a graded space M of rank d is a Lie 
group. 

The group of automorphism of the canonical graded space M** we shall denote GG(M'^). Of course, 
GG(d, M) ~ GG(K'*). If d = (N), then we deal with a vector space of dimension N and GG(]R'*) = 
GL{N,R). 

Example 2.1. To describe the group GG(IR**) for d = (^1,^2), consider canonical coordinates 
{x^ , . . . ,x'^^;y^ , . . . ,y'^'^) of M*^. Any automorphism of R'^ is described by constants al,bl^,clj G R 
and has the form (a;*, y'*) i->- (.r*, y") with 



The matrices A = (aj) and B = (b^) are invertible, while cfj are arbitrary. Let V be the vector subspace 
of C°°(M''i+'^^) spanned by the functions x^,y^ and z'^^ := x^x^. It is a finite-dimensional subspace 



5 



invariant with respect to the canonical action of GG(R'*) and it gives rise to a faithful representation 
of GGIR'^). For instance, GG(R(1'1)) can be represented as the following matrix subgroup 



GG(R(1'^)) 
















l(: 


b 


I) 








c 







3 Graded bundles 

Definition 3.1. A graded bundle of degree n and rank d is a smooth fiber bundle tt : Af — )■ AIq 
with the typical fiber R^, considered as the standard homogeneity space R** of degree n and rank d, 
which admits an atlas of local trivializations (ftjj : tt~-^{U) U x such that the change of local 
triviahzations (j)u' o : (U n U') xW^ ^ {U C] U') x R'^ is in each fiber an automorphism of the 
standard homogeneity structure, i.e., 

'/'L" °'l^u^{x,y) = {x,guu'{x){y)) 

for some GG(R'^)- valued transition functions guiji . 

It is clear that each fiber of a graded bundle of degree n and rank d carries the structure of a 
graded space of degree n and rank d. Roughly speaking, a homogeneity bundle is a smooth family 
of homogeneity spaces parametrized by a base manifold Mo. If Mq is a single point, then M is 
just a homogeneity space. It follows that the algebra C°°{M) of smooth functions on M contains a 
distinguished graded subalgebra 

oo 

A{M) = ^Ak{M) 

of polynomial functions on M, which is locally generated by C°°(Mo) and homogeneous coordinates 
of the typical fiber W^. The summand Ak = Ak{M) is the space of functions of degree k. In partic- 
ular, Aq = C°°(A/o). Local coordinates in M consisting of homogeneous local functions establishing 
an isomorphism with U X we shall call homogeneous coordinates. The systems of homogeneous 
coordinates are always of the form (a;°,?/*), where (a;")™ are local coordinates in Afo and {y'^)^ are 
homogeneous coordinates in the typical fiber. We can unify the two kinds of coordinates using local 
coordinates where y^+'^ = x", and putting the degrees = for iV < j < iV + to. We will 

call w = (wi, . . . , WN+m) the weight vector of the graded bundle. 

Morphisms of graded bundles are defined in an obvious way: they are smooth maps intertwining the 
semigroup (R>o, •) actions, or equivalently, respecting the homogeneity of functions together with their 
degrees. Also the notion of a graded subbundle of a homogeneity bundle M is clear: it is a submanifold 
defined locally by the vanishing of some homogeneous coordinates. Any graded subbundle is clearly 
a graded bundle itself and we can choose as its local homogeneous coordinates the remaining part of 
(non- vanishing) homogeneous local coordinates in M. Let us remark that a graded bundle can be 
regarded as a kind of graded manifold, since it has a distinguished gradation in a dense subsheaf of 
the structural sheaf. 

Example 3.1. Graded bundles of degree 1 correspond exactly to vector bundles. Indeed, all the 
degrees Wi equal one and the gluing transformations have to be linear because they preserve the 
degree. Moreover, there is a unique structure of a vector space on R^ for which are 1-homogeneous, 
thus linear, functions. 

Remark 3.1. We can define homogeneity super-bundles of degree n completely analogously, assuming 
only that A is locally the polynomial super-algebra C°°{U)[y^, . . . , y^] in which the parity of agrees 
with the parity of the degree Wi. This notion is equivalent to the notion of an N -manifold in the 
terminology of Severa and Roytenberg |1H [9]. In this sense, the concept of a homogeneity super- 
bundle of degree n is the even counterpart of the notion of an N-manifold of degree n. In general, 
however, there is no obvious 'superization' procedure, analogous to 11, for homogeneity bundles of 
degree n > 1, like in the case of vector bundles. 
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For explanation, let us consider an (even) homogeneity space V = of rank d — (2, 1) and an 
automorphism f of V given in canonical coordinates xi,X2,y of degrees 1,1,2 respectively, by 

.f(xi,X2,y) = {xi,x2,y + xl). 

In coordinates x[ — {xi + X2)/2, x'2 — {xi — X2)/2 and y' — y we have 

/*(?/') = y + xl= y' + {x[ + x'^f = y' + xf + x'^ + 2 x[ ■ x'^. 

Let HV be an A''-manifold of degree 2 determined by the polynomial super-algebra M.[9i,92, t] in which 
91,02 are odd coordinates of degree 1 and r is an even coordinate of degree 2. From the coordinate 
descriptions of / we see that there is no obvious way of associating with / an automorphism of 
M.[9i, 92, t]. As homogeneity bundles are obtained by gluing trivial parts of the form U x K'* by means 
of automorphisms of the standard homogeneity space R'*, there is no obvious way of gluing parts of 
the form U x nR**, where nR'* is the TV-manifold defined by the polynomial super-algebra R[ri, . . . , r„] 
in which the super-degree of Tj coincides with the degree Wi of the coordinate yj on R'*. Therefore, 
in general, there is no canonical nontrivial procedure for constructing a super-bundle from a given 
homogeneity bundle. Note, however, that in some special cases such a procedure does exist. For 
example, from a given double vector bundle we may obtain a A'^-manifold of degree 2 in a canonical 
way ([3j). 

Recall that any real vector bundle of rank n has its associated principal GL(n, M)-bundle, the frame 
bundle, and vice versa: with any principal GL(n, R)-bundle a vector bundle of rank n is canonically 
associated. A similar procedure can be performed for graded bundles. 

First, for a homogeneity space V of rank d let us consider the space F{V) — Iso(R'*,y) of iso- 
morphisms (fi : R'* V of graded spaces, i.e., diffeomorphisms ip : — > V respecting the actions of 
the semigroup (R>o, ■), where N = J27=i usual. A choice of global homogeneous coordinates on 

V gives an identification of F{V) with GG(d,R), which is a Lie group. More generally, for a graded 
bundle M of rank d fibred over Mq, tt : Af — > Mq, the disjoint union 

F{M)= H F{7:'\p)) 
peMo 

has a natural smooth manifold structure and a smooth right action F{M) x GG(R'*) — > F{M) which 
turns F{M) into a principal GG(R'*)-bundle. We shall call F(M) the associated frame bundle. One 
can reconstruct the homogeneity bundle structure from F{M) in the standard way: given an arbitrary 
principal GG(R'*)-bundle (P, 7r,Mo) and a left GG(R'*)-action on a manifold Q one defines a fiber 
bundle {Pq,'itq,Mq) with the typical fiber Q, where Pq = P Xqq^rcI) Q. By taking Q = M."^ and 
P = F{M) we recover M ^ Pq. 

By convention, a graded bundle M of degree n is also a graded bundle of degree m, for m > n. 
Let A'' be the subalgebra of ^ = A{M) generated by functions from A of degree < k. We have the 
following sequence of associative algebra inclusions 

C°^{Mo) = A"^A^^A^^...^A'' = A 

which gives rise to the sequence 

Mo ^ Ml ^ M2^ ...^ M„ = M (5) 

of afhne bundle projections. 

Note also that, like for graded spaces, any graded bundle of degree n is canonically equipped 
with an action h : IR>o x AI ^ M of the multiplicative semigroup (R>o, •) defined locally in unified 
homogeneous coordinates by 

ht{y\y', y^+n - (r^ y\..., = {^^ y\ . . . , i'"" j/^, y''+\ y^+"), (6) 
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where ht — hit, ■) for t > 0. As transition functions preserve the degree, this action is globally well 
defined. The maps ht we shall call homotheties of the graded bundle. The action by honiotheties on 
the graded bundle is determined by its restriction to the multiplicative one-parameter group of positive 
reals and, in turn, by its infinitesimal generator: the weight vector field Am on M. In homogeneous 
local coordinates {y^, . . . , this vector field reads 

N+m N 

Am = ^ Wjifdyj = ^w.y'-dyi . (7) 

Like in the case of graded spaces, the weight vector field is complete and, if 1 1-> exp (tAM) is the flow of 
diffeomorphisms it generates, we have exp (tAM) — h^t for all i e M. Thus, the action by homotheties 
is completely determined by the weight vector field and vice versa. The weight vector field, exactly 
like the action h of (IR.>o, •) by homotheties, completely encodes the homogeneity structure. Indeed, 
ho — TT is the projection in the graded bundle and Am, being tangent to the fibers, defines on them 
the structures of graded spaces of rank d. We can formulate these observations as follows. 

Theorem 3.1. A graded bundle M of degree n and the weight vector w = (wj), Wj — 0,1, . . . ,n, can 
be equivalently defined as a manifold equipped with a complete vector field Am " the weight vector field 
- for which there is an atlas {{W,yw) ■ W G W} of coordinate charts, with W being invariant with 
respect to the flow of diffeomorphisms induced by Am, such that Am takes the standard form 
each system of coordinates (y^) — (y^y), W S W. A smooth map between two graded bundles is a 
graded bundle morphism if and only if it relates the corresponding weight vector fields. 

The intrinsic properties of the action h ensuring that we deal with a graded bundle will be described 
in the next section. 

Example 3.2. Let be a double vector bundle with two vector bundle structures corresponding to 
homotheties /i", and the Euler vector fields A", a = 1,2. According to [3] Theorem 3.2], there is an 
atlas for F with local coordinates which are simultaneously homogeneous with respect to both Euler 
vector fields. In other words, we can simultaneously write them in the form 

N 

A" = ^<y'a,., a =1,2, 

i=l 

where = 0, 1. It follows that F carries a canonical structure of a graded bundle of degree 2 with 
homotheties ht — h\ o h^ = o h\ and the weight vector field Ap = A-'^ + A^. In other words, the 
coordinate y^ is of degree 0,1, or 2, if, respectively, is of degree with respect to both, is of degree 
with respect to one and degree 1 with respect to the other, and is of degree 1 with respect to both 
Euler vector fields. In particular, for each manifold Mq, the bundles TTMq and T*TMq ~ TT*AIo are 
canonically graded bundles of degree 2 over Mq. 

This picture can be easily generalized to a rt-vector bundle which is canonically a graded bundle of 
degree n and whose weight vector field is the sum of the n (commuting) Euler vector fields representing 
n compatible vector bundle structures. 

Example 3.3. Let Mq be a smooth manifold of dimension to. Recall that two curves a, /? : R Mq 
have the same r-jet (r > 0) at G M, if for any smooth function x on Mq, the difference x o a ^ x o /3 
vanishes at G M up to the order r. In such a case we write a ~r P, and it is clear that ~r is an 
equivalence relation. The coset of a with respect to this equivalence is called the r-jet of a and will 
be denoted by [a]r. The space of all r-jets will be denoted by T^Mq. It is a bundle over Mq with the 
projection 7r([Q;]r) = Q!(0) = [ajo. For example, T^Mq ~ TMq is the tangent bundle of Mq. The subset 
of r-jets at G Mq will be denoted by TqMq. In the literature, T^Mq is called the rth tangent bundle. 
The elements of Mq are also called velocities of order r on Mq. 

Let {xa) be local coordinates around G Mq and let [a]r G TqMq. Let us denote the Taylor 
coefficients of Xa{a{-)) in the following way 

Xa{a{t)) = Xai9) + t ■ Xa{[a]r) + :77ia(H^) + . . . + -r x'^J'\[a]r) + o(r). 

2 r 
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Thus (zq, if,, aic, ■ • ■) form the so called adapted coordinate system in T^Mq. We shall write [a\r ~ 
and say that [a]r vanishes, if Xa\[a]r) ~ for i = 1, . . . ,r and all a - this does not depend on the 
choice of local coordinates (xq). By convention, [ajo ^ for all a. 

One can prove easily that T^'Mq is a graded bundle of degree r and rank (m, . . . , m). The canonical 
action of (M, •) on T'^Mq is given by 

t.[a]r := [t.a]r, (8) 

where {t.a){s) = a(ts). In coordinates, xli'\t.[a]r) — t^ ■ x)i\[a]r)', hence x^a^ has degree k. The 
sequence ([5]) reads 

T"Afo ^ T^Afo TMq Mo, 

where gi([a]i) — [a\i-i for i — 1,2, ... ,n. There are also canonical inclusions 

Lk : TMo ^ THIo, 

defined by tfe([Q;]i) = [a\k, where a{t) = a[yt''), fc G N. We have 

Lk{t^ ■v)^t.ik{v), (9) 

for V e TMq. Indeed, ii v = [a]i, then ife(i'^ • v) is the class of the curve s H> (t'°.a)(-^s*'') = a{^s'^t^), 
and t.ik{v) = [t.a]k, {t.a){s) — a{st) = a{-^s''t''). In coordinates, for r > 1, x''^\ik{-^)) is 1, 
when r = k and a = b, and zero otherwise. Note that, if [a]fe-i G T^^^Mq vanishes, then there is a 
well-defined iterated differential 



« = ^xW([a],)-^GTMo, (10) 
t=o „ "-^a 



hence ik{v) ^ [a\i 



Theorem 3.2. Any smooth map $ : Mq — > A'o between manifolds Mq and Nq induces a map T''$ : 
T''Mq T^Nq, defined by T^^([a\r) = [$ o a\r, which is a graded bundle morphism. 

Proof.- The proof consists of direct calculations using the rule of differentiating compositions and 
products of functions. To be instructive, let us start with the case r ~ 2. In local coordinates in 
Nq and {xh) in Mq, we get 

X'a = '^a{x), 

h 

h b,c 

It is easy to see that the above transformations preserve the degree. The general case follows directly 
from the identity 

(T'-mW^t.T'-mal). 

□ 

More information about the rth tangent bundle T'^Mq and general jet bundles can be found, for 
instance, in H [5l fTOl HH . 



4 Homogeneity structures 

The graded bundles have been defined in the preceding paragraph as glued from the standard ones of 
the form U x R**. Here, we will give an intrinsic characterization of graded bundles which is easily 
verifiable and useful for applications. 
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Let h : [0, +00) x M — > Af be a smooth action of the multipHcative semigroup (]R>o, •) of non- 
negative reals on a manifold M . 'Smooth' means that the map h can be extended to a smooth map 
on (— e, +00) X M for some e > 0. We shall also speak about local actions. They are smooth maps 
h : [0, e) X M — >■ M satisfying ht o hs = hts whenever ht = h(t, •), hs = h{s, •), and hts make sense, i.e., 
< t,s,ts < e. 

It is explained in [3J that, under an additional condition, h determines a vector bundle structure 
on M for which h coincides with the action by homotheties in this vector bundle. We are going to 
generalize this result and give a sufficient and necessary condition for h ensuring that there exist a 
structure of a graded bundle of degree n on M whose homotheties coincide with ht, t > 0. 

Definition 4.1. A homogeneity structure of degree n on a smooth manifold M is a smooth action 

h : [0, 00) X M M 
of the multiplicative semigroup (IR>o, •) such that, for 0„ : M — > T"M defined by 



When n is fixed, we shall also write simply (f> for 0„. We shall also use the notation t.p for the action 
by homotheties in T'^M . Note that the only difference between the homogeneous structures considered 
in [3] and the homogeneity structures of degree n here is in the order of derivatives of Up that can 
vanish only on il/g. This order is here an arbitrary n = 1, 2, . . . , instead of just 1. 

We do not assume that we deal with an action of the multiplicative M, as a natural extension to 
R will follow automatically. We do not assume also here that h{l,p) = p for p e M, so we use the 
structure of the semigroup rather than the monoid structure on (K>o, •). However, it turns out that 
hi = idhi automatically, for any n-homogeneity structure. 

Proposition 4.1. // h : [0, 00) x M ^ M is a smooth action of the multiplicative semigroup (M>o, ■), 
then hi is a smooth submersion onto the submanifold Mi = hi{M), and h reduced to Mi is a smooth 
action of the multiplicative monoid (M>o, ■); (^i)|Mi = id. In particular, any homogeneity structure 
of degree n on M is actually the monoid action, hi = id. 

Proof. Since hi is a projection onto Mi — hi{M), hiohi — hi, then Mi is a smooth manifold and hi is 
a submersion onto Mi according to [4, Theorem 1.13]. Since hfohi = hioht — ht, the action restricts 
to Ml on which /ii is the identity. The nondegeneracy assumption (|12p ensures that Mi — M. □ 

Thus, the nondegeneracy condition implies that we deal with a monoid action. We will see that 
the converse is also true. It is based on the following observation. 

Proposition 4.2. Let h : [0,oo) x M M be an arbitrary smooth action of the semigroup (M>o, •) 
and assume that, for some point p, the curve ap(t) = ht{p) is not constant. Then, there exists an 
integer n such that the n-th jet of ap at t = does not vanish. 

Proof. It is easy to see that the image Q;p([0, 00)) is a submanifold with boundary of M, diffeomorphic 
to [0, 00), so the general case reduces essentially to the case M = M. In fact, we can work with the 
subset [0, 00) C M. Let us assume that ^ po € [0, 00) and f{t) — ht{po) is fiat at 0. Let as consider 
the sets An = {t > : f{t) > t"}, n G N. There exists uq such that, for n > no. An is not empty. 
Since / is flat. An is bounded from below by a positive number, and is closed. Therefore An has a 
minimal element, say tn- Hence, /(tn) = C ^^'^ /(^) < ^" ^'^^ ^ ^ (0,tn)- Of course, lim„^oo tji — 0. 
The partial derivative of h{t, x) with respect to x at the point (2, 0) is f|(2, 0) = lim2;^o .^isIit-^iiM , 
Substituting x :— h{tn/2,po), we get 



with ap{t) = h{t,p), the following condition is satisfied: 

4>n{p) vanishes if and only if p G A/q '■= ho{M) . 



(11) 



(12) 



h2iht„/2{Po))-h2{0) 

^i„/2(Po) 



f{tn/2) {tn/2) 



f{tn) ^ tl 



n 



2" ^ +00 ; 



a contradiction. 



□ 
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An important observation used in the sequel is that, for any smooth action h of the semigroup 
(M>o, ■); have 

t.(t>rip) = MHp))- (13) 

Indeed, t.(j)r{p) = t.[ap\r — [t.ap\r, and {t.ap){s) :~ ap{ts) = h{ts,p) = hs{ht{p)), so [i.ckpjr — 
4>r{ht{p)); and follows. 

Lemma 4.1. Let h : [0,£) x M — )■ M , e > 0, be a local smooth action of the semigroup (M>o, •) such 
that h(){M) = {9} is a single point. Define ap{t) — h(t,p), and let r ^ 1,2, ... . Let us assume that 
[ap]r-i for any p G M , so that the map ipr ■ M ^ TgM , 



h{t,p), (14) 



is well defined. Then, 

Mht{p))^t- -Mp) (15) 

for all p g M , and the differential Qr — Tg-tpr ■ TgM — > TgM is a projection onto a subspace E C TgM 
containing the image of tpr ■ 

{Tgi;r){Mp))^Mp)- (16) 
//, in addition, ^pr{p) — only for p = 9, then Tgipr is the identity map on TgM. 

Proof - Let <pr ■ M ^ T^M be defined as in (fTTjl . From (fTU)) we derive 

Lj. O = (17) 

Hence, Lr{ipr{ht{p))) ~ i-'-r(V'r(p)) ~ i-r{t^ ' ^r{p)), by ^ and that justifies (|15p . Let us consider 
the maps H{t),Q : TgM TgM defined by 

H{t) = Ht Tght, (18) 

Qr:=Tg^r- (19) 

Like in the proof of [3, Theorem 2.1] we find that 

H{ts)^H{t)oH{s)^H{s)oH{t) (20) 
by differentiating hts — hfohg 'At 9 E M . In view of the Schwarz's theorem on mixed partial derivatives. 



1 d'' 
r! 



H[t). (21) 



By a simple calculation we find that ^ ^|t-o ^PP-^i^^ 1° (|15p gives pB]) (as ^ h{t,p) — 0, for 
1 < j < r- - 1). Applying ^ L^q *° <EQ1) ' 

s'' • Qr = Qr o H{s) = H{s) o Q^. 
Eventually, by applying ^ Jjt^I^-q ^'"^^ expression, we end up with 

Qr ^ Qr Qrj 

hence Q^ is a projection onto a subspace, say E, of TgM . We are left with proving the last statement 
of the lemma. By (|16p we get ^r{p) G E, hence tpr is a map from M to of maximal rank at 9. 
Applying now the Implicit Function Theorem we find that is a smooth submanifold around 9 

of dimension dim TgM — dimi?. But, according to the hypothesis, iprip) = if and only if p = 6*. 
Hence, E ^ TgM and Qr — Tgipr is the identity, that completes our proof. 

□ 
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Theorem 4.1. Any homogeneity structure h of degree n on a manifold M determines a unique struc- 
ture of a graded bundle tt : Af — A/q of degree n for which h coincides with the canonical action of the 
semigroup (M>o,-) by homotheties on this bundle. In other words, for a homogeneity structure we can 
always find an atlas with homogeneous coordinates. The map establishes an isomorphism of this 
graded bundle with a graded subbundle ofT^'M. 

Proof.- Let = Af T^M be given as in (dTJ. We shall prove that is a difFeomorphism onto 
its image (t>{M) which is equipped with a homogeneity structure of degree n inherited from T^^M. 
Moreover, (f> intertwines the homogeneity structure h with that on T^M, as we have seen in ^V6\ . 
Because /iq : Af —5- A/ is a smooth projection onto A/q :— ho{M) (as h^oh^ = /iq), Afo is a submanifold 
of M (|4], Theorem 1.13). Moreover, for G Mq there is a neighbourhood U C M oi 9 and and there 
are local coordinates (qa, Xi) on U in which ho has the form 

ho{qa,x,)^{qa,0), (22) 

i.e., Hq is a local submersion along Mq C M. 

The strategy depends on proving that there is a graded subbundle Af of r"Af such thatj_Jbr each 
G Mq, the map (/) is a difFeomorphism from a neighbourhood U of onto an open subset of M. Then, 
using the property (fT3|) . we shall show that is a difFeomorphism onto the whole M. 

We want to show first that Tgcj) is one-to-one for G Mq. Because (j) fixes points of Mq (we shall 
consider Af as a submanifold of T^M) and the fibers Me := hQ^{0) are transversal to Afp at (by 
(|22p ). it is enough to prove that Tgcf) is injective, where — (j)\Me- other words, it is enough to 
consider the case where Mq = {^j is a single point. From now on, we assume that M = Mg and (/) — (p. 

We are going to define inductively a series of maps tpr : Nr ^ Vr :— TgNr, r — 1,2, ... ,n, for some 
decreasing sequence of submanifolds A^i := M ^ N2 ^ ■ . ■ ^ iV„. The formula for ijjr is the same as 
in (fT4)l . but in order to have it correctly defined, the submanifold iV^ will be chosen in such a way 
that ipr-i{p) = for p S Nr. We are going to prove, inductively with respect to r, that ip~^{0) is a 
submanifold around 9. It will serve as the next submanifold iV^+i. 

Let r — 1, Vi := TgM. In view of Lemma [4. II we find that Qi o Qi = Qi and Qi{ipi{p)) = ipi{p), 
where Qi — Tg-ipi. Hence, Qi is a projection on a subspace Ei C Vi and Vi — Ei (B Ki, where 
Ki — kerQi. Moreover, 'iJji{Ni) C Ei, hence ^1 is a map of maximal rank at 0. It follows from 
the Implicit Function Theorem that N2 := ■0r^(O) H C/i is a smooth submanifold of A/ for some open 
neighbourhood Ui C M of 6 and, moreover, TgN2 — Ki. 

Let us assume that we have already defined submanifolds Ni, . . . , Nr, and Nr is of the form ip^-i i^)^ 
Ur-i for an open neighbourhood Ur-i C Nr-i of 0. It follows that tpr ■ Nr ^ TgNr —: Vr is well 
defined. From '0^-1 (^t(p)) — t^~^ ■ fpr~i{p) (see (fT5|) ). we find that h{t,p) G tpr-ii^) p & Nr and 
any t > 0. Hence, h gives rise to a local action on iV^. According to Lemma [4.11 ipr is a map from 
Nr to a subspace Er ^ Vr of the maximal rank at 0, and Qr = Tgipr € End(V^) is the projection on 
Er. Hence, ^^^(0) is a submanifold around 9, what enables us to define a submanifold iV^+i, such 
that Vr+i — TgNr+i is the kernel Kr of Qr. We have Vr — Er ® Kr and Vr+i — Kr- The inductive 
construction of V'l, ■ ■ • , V"" is completed. 

By the hypothesis of our theorem, ■i/;~^(0) = {9}, hence Vn — En and Kn = {0}. In view of 
Lemma [4.11 Tgil^n is the identity on £"„. We have proved that the tangent space to M at 9 has a 
canonical decomposition 

TgM ^Ei®...(BE„ (23) 

where Er is the image of the projection Qr G End(K-) and V- — Er®Er+i © . . .^En for r = 1, 2, . . . , n. 
Let g" : r"A// — T^Mq be the canonical projection. We have g" o 0„ = 0,. = Ur o ipr on Nr (by (fT7|) ). 
so 

Teg" O Tg(t>n = Tg(t>r = TgLr O T^l/'r = Tflir O Qr (24) 

on Let us assume for a moment that e = (ei, . . . , e„), G is in the kernel of Tg^n- Applying 
([24|) to e, with r = 1, we find that = (3i(e) = ei, so e G V2 and we may apply again (f24| to e, 
but now with r = 2. Since Tgi,. is injective, = Q2(e) = 62- Continuing in the same manner with 
r = 3, . . ., we get Cr = Q for any r. Hence TeK^in is injective, as we have claimed. 
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It follows that there exists a neighbourhood U C M of 6 such that (f>\ij is a difFeomorphism onto its 

image U, U C T^M. It is possible to find local coordinates {xr.a), l<r<n, l<a< dim Er, on U (if 
necessary, we replace U with a smaller neighbourhood of 6) such that (9) G Er for any 1 < r < n 

and 1 < a < dimii^r- Let (xi'^l), r, s > 1, be the adapted coordinate system on TgM. Let us see that 
the restrictions of xi^^ (r, a as above) to some neighbourhood oi inU form a local coordinate system. 
Obviously, the vectors Xr^a '■= {Te4'){^^—[9)) span the tangent space to U at 9. Moreover, Tgip^ fixes 
■q§—{9) and, from the coordinate description of ir given below ([9]), {Tgir){^§—{9)) = ^ {9). Hence, 
using dM]), we find that Teq^ appHed to Xr,a gives ^-tt(^) ^ ^e^^- Therefore 

^r-.a = — (r)^^^ ^ higher order terms, (25) 
where the 'higher order terms' means a linear combination of vectors — Trr(^) with s > r, so the 

dx^^ fa 

differentials dxr^L are linearly independent on TsU . Without loss of generality we may assume that U — 
4>{U). Hence, the chart [U , (aJr^l)) provides an identification of C/ C TgM with an open neighbourhood, 
say /, of in M^. Let us define 

M=\jt.U. (26) 
t>i 

Thanks to the r-homogeneity of xf^i, the chart {t.U , {x^}a)) gives a diffeomorphism with another open 
neighbourhood, say t.I, of in M^. This notation is consistent with the action of the semigroup (K>o, •) 
on described in Lemma I^TT] As IJoj^ t-/ = K^, we get a diffeomorphism of M with M/^ . Hence M 
is a submanifold of TgM, invariant under the canonical action of the semigroup (ffi>o, •)■ Moreover, 
for t > 0, the map p t^^ .(j}{ht{p)) is a diffeomorphism of h^^{U) onto t^^.U. But, according to 
(|13p . .(j){ht{p)) = 4>{p). Hence, (/) is a diffeomorphism of M onto M intertwining the homogeneity 
structures on M and TgM. 

In the general case, when Mq is not necessarily a single point, the arguments for the last sentence 
are very similar. The map (/) is a local diffeomorphism along Mq, hence a diffeomorphism from an open 
neighbourhood J7 C M of Mq onto a submanifold [/ C T^M and C/ contains the image of the zero 
section of T"M. Let AI be defined as in ^E^. Since t^^ .(f){ht{p)) = (t>{j>), working separately in each 
fiber_of M ~^ AIq as above, we find that actually (j) identifies Af with M. Let us pull back the structure 
on M to M by means of cf). In this way we equipped M with a structure of a graded bundle of degree 
n compatible with the given homogeneity structure. This completes the proof of the existence part of 
the theorem. 

According to our definition of a homogeneity bundle, the uniqueness part of the theorem is trivial. 

□ 

Remark 4.1. The reason why we have considered the action h of non-negative reals and not just all 
reals is that this version of Theorem 14. II is more general, as a natural extension to an action of (K, •) 
follows for free. Indeed, let us notice that since we can choose coordinates homogeneous, 

we can canonically extend the M>o-action to (M, ■) action by simply allowing t on the r.h.s. to take 
negative values. Moreover, this extension is unique. It is enough to show that the action by —1, which 
we denote by / : A/ — > A/, is uniquely determined by the homotheties ht, t > 0. As f{ht{p)) — 
ht{f{p)) = h^t{p) for t > 0, / is a homogeneous bundle morphism. Hence, in some homogeneous 
coordinates {xr.a) on Af, we have hl{xr,a) — {—tYf*{xr,a) for t <{). It follows that, 

K{Xr,a) = {-ly ■ r{Xr,a)- 

t=o- 

Therefore, by the smoothness oi h at t = 0, f*{xr,a) = {-^^Yxr^a and h^{xr,a) — ^' • Xr,a for any i e M, 
that finishes our proof. 
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Actually, the assumptions of the above theorem above can be reformulated: we can replace the 
nondegeneracy condition with the condition that we deal with a monoid action, i.e. hi = icIm- For 
the semigroup action the nondegeneracy is not automatic even when some jets are nontrivial, as the 
example h : [0, oo) x — )> R^, ht{x,y) = {tx,0) shows. 

Let h : [0,oo) x M M be an arbitrary smooth action of the monoid (K>o, •) and assume that 
there exist a point p G M and t > such that ht{p) ^ ho{p). According to Proposition 221 there exists 
an integer n such that the n-th jet of ht{p) does not vanish a,t t — 0. We claim that there always exists 
a common integer n such that the n-th jet of t ^ ht{p) at t = does not vanish for any p G M \ AIq. 
Taking the lowest such n, we obtain a homogeneity structure of degree n on M defined by h. 

To prove this fact it is enough to modify slightly the proof of Theorem 14. II First, by working in the 
fibers of the projection Hq, the inductive procedure of Theorem 14.11 gives a sequence of submanifolds 
Mo = Ni D N2 ^ ... such that A^^^+i = ^^^(0) near 6, where ■ Nr ^ TgNr as in ([H]) and 
Mg = h^^iO) near 9. Thanks to Proposition 14.21 it is impossible that tp^, V'r+i, V'r+2, ... is a sequence 
of the zero maps. Hence, the dimension argument shows that actually, for some n, we have Nn+i = 
{9} ~ '4>~^{Q) and we obtain a finite decomposition, 

TgM ^ El® ...®E^^^, 

as in Theorem 14. II Let us define 

: TeM ^ TgM, := Tght, 

as in According to the proof of Theorem 14. II there exist homogeneous coordinates {x'^ ^) on M, 

l<r<n, l<a< dim Ef^, in which the action h reads as h^{x'^ a) — ' ^'r ai namely, x'^. — x^r}i ° (p- 
Therefore i^j*, 1 < j < n{9), is an eigenspace of the linear map with the eigenvalue P . In the 
general case, when Mq is connected but is not necessarily a single point, thanks to the continuity of 
the map t M- Hf the dimension of Ej cannot jump, hence n = n{9) is constant. By the restriction of 
some homogeneous coordinates on T'^M we obtain homogeneous coordinates for M. 
Summarizing, we can write the following. 

Theorem 4.2. A smooth action h : [0, 00) xM — of the multiplicative semigroup (M>o, •) defines on 
a connected manifold M a homogeneity structure of some degree n (and thus a graded bundle structure) 
if and only if it is a monoid action, hi = id^j. In this case the action can be uniquely extended to an 
action of the monoid (R, •) of multiplicative reals. In particular, the category of graded bundles with 
their morphisms is equivalent to the category of (R, ■) -manifolds and equivariant maps. 

Corollary 4.1. A submanifold X of a graded bundle M is a graded subbundle of M if and only if it 
is invariant with respect to the homotheties associated with the graded bundle structure on M . 

Proof - Let X be a submanifold of a graded bundle M over Mo of degree n and assume that X 
is invariant with respect to homotheties ht of M. It is easy to see that the (]R>o, •)-action h by 
homotheties, reduced to X, is a homogeneity structure on X. This implies that there is a unique graded 
bundle structure on X over the submanifold Xq — ho{X) C Mq for which {ht)\x are homotheties. This 
graded bundle structure is isomorphic to the graded subbundle (l){X) C <p{M) C T"M, thus canonically 
a subbundle of M ~ (j>{M). 

□ 

5 Double homogeneity structures 

By analogy with our definition of a double vector bundle [3] we propose the following. 

Definition 5.1. A double homogeneity structure or double graded bundle (DHS, for short) of degree 
(m, n) on a manifold F consists of two homogeneity structures h^, h^ of degrees m and n, respectively, 
such that /i( o /i^ — h^ o h\ for u,t G ]R.>o- More generally, an r-tuple homogeneity structure or 
r -tuple graded bundle of degree (rrii, . . . , m^) on F consists of r pairwise commuting-in the above 
sense-homogeneity structures on F . In particular, a double graded bundle is a manifold equipped with 
two graded bundle structures which are compatible in the sense that the corresponding homotheties 
commute, i.e., the corresponding homogeneity structures form a double homogeneity structure. 
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A DHS on F gives rise to the following diagram of four graded bundles 



F- 



Fo 



M 



where Fi — h}){F), i = 1,2, M — tt{F) for tt :— Hq o Hq, and the homogeneity structures on Fi 
are obtained by the restrictions of the corresponding actions by homotheties on F. According to 
Theorem 14.11 each of the four homogeneity structures in the diagram comes from a unique graded 
bundle structure of degree m or n. A function / G C°°{F) is called homogeneous of (bi-)degree 
(r, s) 6 N X N if 

fohl^e-f and fohl = t'-f. 

Example 5.1. Let M be a smooth manifold, and to,?! £ N. Let us consider the following equivalence 
relation on the set of smooth maps a : M: a a' if and only if for each smooth map x : Af — > M 

the partial derivatives qt^qs^ at the point (0,0) of a; o a and x o a' coincide for any < r < to and 
< s < n. In particular, a(0, 0) = a'(0, 0). Let us define the jet bundle T™'"F as the collection of all 
cosets of the relation ~. A coset of a will be denoted with [a]m,,n G T™'"F. The bundle projection 
q : T"^'-^M M reads g([a]m,n) = a(0,0). The bundle r™'"M is equipped with the canonical DHS 
induced by the following two actions of (IR.>o, •) on a representative a : K. x M — > M of [a]m,n: 



{h\a.){t,u) = a{st,u), {hla){t,u) — a{t,su). 



We shall usually write t.iX for h^{t,x), i = 

I : T"''"M 



1,2. Let us observe that we have a canonical isomorphism 



(27) 



where (3 -.R^ T"'M is given by /?(«) = [t a{t, u)]m- 

Similarly, one can define the isomorphism I' : T'^-'^M — s> T"^T^M such that /' o I^^ gives a 
canonical isomorphism T"T''"-M — ^ T"'-T^M. For m = n = 1 we recover the well-known involution of 
the double vector bundle TTM (^6j, p. 363). For n = 1, we have an isomorphism TT^M ~ T^TM 
whose dual version, T*T"'-M c± T"^T*M has been studied in [1]. 

Let (U, (xa)) be a chart on M. Let us define the functions xi'^'*'' G C°°{q^^{U)) by 



Jr+s 



dVdu" 



Xa{a{t,u)). 



t=0,s=0 



The functions 



degree of xi*^'"^ is (r, s). 



0<r<m, Q<s<n, form a homogeneous coordinate system on q ^{U). The 



Example 5.2. Let h : M>o x F — > F be a homogeneity structure of degree to with a base ho{F) = Fq. 
Let n G N. Let us define the action T"h : M>o x T"F -> T"F by {T"h)t T"ht. It is easy to 
prove that r"/i defines a second homogeneity structure on T"F, this time of degree to. Moreover, 
T"/i commutes with the canonical homogeneity structure ^ of the nth tangent bundle. Indeed, for 
a curve a : M — > F and G M, both u.T'^ht{[a]n) and (r"/i()(w.[a]„) are equal to the class of the 
curve s i— ht{a{us)). Hence, T"F is a DHS of degree (to, n): 



T"ho 

r"Fo ■ 



■F 



ho 



We shall call r"ft, the nth tangent prolongation of the homogeneity structure h on F. 
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Example 5.3. Let {F,h^,h'^) be a DHS of degree {m,n) and let fc G N. Then the A;-th tangent 
prolongations T'^h^ and T'^h^ commute: 

(T'^/ji), o (T'^hX = T'^ihl o hi) = T\hl o h\) = (T^/i^),^ o {T'^h^. 

Hence, we obtain three commuting homogeneity structures on T^F: T^h^ , T^h^, and the canonical 
homogeneity structure of T'^F, which turn T^F into a triple graded bundle. 

The main result of this section says that any DHS is locally trivial in the sense that we can find 
an atlas with local coordinates being simultaneously homogeneous with respect to both homogeneity 
structures. 

Theorem 5.1. (On local triviality of DHS) 

Let (Fjh^^h'^) be a double homogeneity structure of degree {m,n). There exist a covering (U)ij^u 
of M and homogeneous coordinate charts {TT~^{U),X(^r,s),a)o<r<m,o<s<n whose coordinates ^ are 

homogeneous of bi- degree (r, s) G NxN. Moreover, the transition functions between the charts preserve 
this N X N-grading, and (F, h^ , h'^) can be naturally embedded as a subbundle in the double homogeneity 
structure T'^^'^F ~ T^T'^'^F ~ T^'T'^F. 

In the proof of Theorem 14 . 1 1 we found out that, for any homogeneity structure h of degree n on a 
manifold M, the tangent space TgM at a point 9 G Mq = ho{M) admits a canonical decomposition 
into the direct sum (compare with (j23p ): 

TeM ^Eo®Ei®...®En, (28) 
where Eq — TgMo and Er is the image of the projection 

Ht : TgM ^ TgM, (29) 

t=0 

and Ht is defined by (|18p . Note that the domain of the map defined by is only E^®- ■ .©i?„. We 
prefer to work with the projection (P^)) whose domain is the whole tangent space TgM that coincides 
with Qr on the domain of Qr and which we shall also denote by Qr- As varies through Afo, we 
get the decomposition of the tangent bundle of M restricted to AIq, {TM)^^^ — [Jg^j^^j^TgM , into 
the direct sum of subbundles Eq, Ei, . . . , En ■ We have also proved there that if only the coordinate 
chart {hQ^{U), {xr,a)) (not necessarily homogeneous) on M is such that -Q§—{d) G Er for 1 < r < n 
and every G C/ C Mq, and (a;o,a) are coordinates on U pulled back to hf^^{U), then in the adapted 
coordinates (xl'^l) on the higher tangent bundle T^M the functions (x'*^' ~) form a homogeneous 

r,a\M 

coordinate system on M , where M C T'^M is the image of the canonical embedding of M into T'^M 
respecting the homogeneity structures. We are ready now to start the proof of our theorem. 

Proof.- We shall embed F into the jet bundle T™^"F. Let us define Pit, u) := h] o hi : F ^ F and let 
Pp{t, u) = P[t, u)(p), for p(^F. Let : F -> r"'"i^ be defined by 

Observe that (p respects the homogeneity structures. We have 

I3h^(s,p){t,u) = h\{hl{hl{p))) = hlt{hl{p)) = (S.i/?p)(t,u), 

so that (j){h^{s,p)) — s.i(f>{p) and, similarly, (f>{h?{s,p)) = s.2(t>{p)- Let 

TgF ^El®El®...® El^ (30) 

be the canonical decomposition (|28p of the tangent space of F at a point 6 in the base Fi. Let us 
assume that 6 G M , i.e., G Fi n F2. Considering the second homogeneity structure on F, we can 
write 

TgF ^ El® El® El. 



1 d"" 
H 'dF 
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We shall prove that 



(31) 



where Er 



El r\ El, Q < r < m, Q < s < n. 



Let m ■■ TbF ^ ToF, HI = Tahl 



-1,2. Differentiatmg hf^ o hj = o 
HloHl^HloHl 



F ^ F at 9, we get 
(32) 



Recall that E^., i 



1,2, is the image of the projection 



1 d'' 



m ■■ TbF TbF . 



From ([32]) we get that Hl^{El) C E}., for < r < m. Hence, also respects the decomposition ((30|) . 
It follows that E^ = ^^E^. O E^ and (l3T|) . as we have claimed. Since 9 varies through M, we get the 
decomposition of {TF)\m into a direct sum of the vector subbundles £"^,8 — >■ M. 

Let us choose a coordinate chart (7r^^(J7), {x(^r,s).a)) for tt : F — !■ AI in such a way that — {9) e 
Er^s for 9 E U . Assume also that the coordinates X(^r,o).a, 2^(o,s).6i 2:(o,o).c £^re constant on the fibers of 
Hq, Hq, and tt — h\o Hq, respectively. We claim that in the adapted coordinates (a;|^ ^) on T^'-'^F 

the restrictions of ^ form a homogeneous coordinate system on F. 
A general idea is to decompose (p into the following embeddings: 



F- 



M 



■ y ni p ■ 



rpmp 



, pnpm p ^ pr. 



pnp 



Here, 0^ and 0^ are the canonical embeddings pT|) of the homogeneity structures and the tangent 
prolongation := T"^h^ of /i^, respectively, into the corresponding higher tangent bundles. 

Note that cj)^, and for the same reason 0^, respects both homogeneity structures. Indeed, (t?-{h1{p)), 
p E F, is the class of the curve u hl^{h^{p)) in T"^F. This coincides with 

hUP\p)) = iT^h^,) {[u ^ hl{p)U) ^[u^ hUhlip))U . 



Let us consider now F^ :— 4)^{F) - the graded subbundle of degree m of T™F — > F with the base Fi. 
Since ^ is tangent to E^. at points of the base Fi, we conclude that {x"^^^-^ ^) form a homogeneous 

coordinate system on F^ , where (a;^^]-) ^j) are the adapted coordinates on T'^F F. Moreover, the 
decomposition (|28p applied to F^ with respect to the second homogeneity structure hf on T'^F reads 



TeF^^^{Tec^^){El). 



(33) 



Indeed, by differentiating (j)^ o = o (fy^ at 9, we get [Tgi 
End(TeFi). Hence, {Te(i}^) oQl = g2 o (Te^i), where 
the projection Q^, the map is the projection on {Te<j)^){Ef), and p3p follows. 



oij2 ^ o where iJ^ = Te/i? G 

il ^It-o t^' Since is the image of 
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Finally, as Q^f-^{0) G and 
we get 

-^(0)e(T,0i)(i?f)cT,Fi. 
ax s 

(r,s) ,a 

Hence, in the adapted coordinates (a;|^ ]-| ^)'^* •* on T"T"^F, the functions ix^^^\-^ ^Y''^ are homogeneous 
coordinates on ip'^{F^). Moreover, is identified with F = (f>{F) by means of the isomorphism / 

([27|) . and a)''*'') ^ ^(r s) a' This proves our claim and completes the proof of the theorem, as 

/^^ o 02 Q 0i : p ^ p intertwines the double homogeneity structures on F and F. 

□ 

One can obtain, quite in parallel to the above proof for a DHS, a similar result for a general r-tuple 
homogeneity structure. 

Theorem 5.2. Let {F, /i^, . . . , h"^) be a r-tuple homogeneity structure of degree (mi, . . . , rrir). There 
exist a covering {U)ueu of M = T^iF), tt = HqO ■ ■ ■ o Hq, and homogeneous coordinate charts 

{TT^^{U),X(^ki,...,k,^)) , < fci,< mi,...,0 <kr <mr, 

whose coordinates X(^k-^ j^^j are homogeneous of degree {ki,...,kr) G N^. Moreover, the transition 
functions between the charts preserves this W -grading, and {F, h^ , . . . , h^) can be naturally embedded 
as a subbundle in the r-tuple homogeneity structure y™i^-!™'-^ c± r'"i(. . . (T"^'' F) . . .). 

Remark 5.1. In the case of a double homogeneity structure {F,h} ^h"^) of degree (1,1), and so a double 
vector bundle, the above theorem provides an alternative proof of a local decomposition theorem for a 
double vector bundle. Any double vector bundle {F,h^,h'^) can be canonically embedded into double 
vector bundle T^'^F ~ {T{TF);TF,TF; F). The adapted coordinates on TTF give, by restrictions, 
homogeneous coordinates on F (the isomorphic image of F in TTF). More generally, for an r-tuple 
homogeneity structures, if each of these homogeneity structures is of degree 1, so each corresponds to 
a vector bundle structure, we obtain an r- vector bundle in the terminology of Hence, any r- vector 
bundle F can be canonically embedded as an r-vector subbundle of T^'^' - '^F ~ T{T{. . . (TF) . . .). It 
follows that an r-vector bundle F decomposes locally (although not canonically) as 

F y. Jl Ve 

££{0,1}'-, e#0 

for some open set U and vector spaces V^. 

Remark 5.2. Note that if A}^, i — 1,2, are weight vector fields ([7]) on _F defining a double homogeneity 
structure on F of degree {m,n), then Ai? := Ap -\- A|n defines a homogeneity structure on F of degree 
m -\-n. For example, with a double vector bundle one can associate a homogeneity structure of degree 
2 like in Example (|3.2p . In other words, commuting weight vector fields, unlike the Euler vector fields 
associated with vector bundles, are closed with respect to addition. 
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